Abstract. The lifting problem for curves with automorphisms asks whether we can lift a smooth projective characteristic p curve with a group G of automorphisms to characteristic zero. This was solved by Grothendieck when G acts with prime-to-p stabilizers, and there has been much progress over the last few decades in the wild case. We survey the techniques and obstructions for this lifting problem, aiming at a reader whose background is limited to scheme theory at the level of Hartshorne's book. Throughout, we include numerous examples and clarifying remarks. We also provide a list of open questions.
Introduction
A fundamental success of algebraic geometry its ability to reason about algebraically defined objects in characteristic p using geometric intuition gleaned from our experience in the real world. For instance, not only can we define concepts such as smoothness and tangent spaces in characteristic p, but such concepts also turn out to reflect our characteristic zero intuition surprisingly well.
Of course, characteristic p geometry does not behave exactly like geometry in characteristic zero! The differences are too numerous to count, but let us quickly mention one example, which will be motivating for the discussion to come. Consider the affine line X = A 1 C . There are certainly no nontrivial finiteétale covers 1 Y → X, because any such cover would give a topological cover Y (C) → X(C) with the complex topology (e.g., [Sza09, Proposition 4.5.6]), contradicting the fact that X(C) ∼ = C is simply connected. However, in characteristic p we have the following example.
Example 1.1. Let k be a field of characteristic p (say, algebraically closed, to preserve the analogy as well as possible). The map from the zero-locus Y of y p −y = x in A 2 k to A 1 k given by projecting to the x-coordinate is a finiteétale cover. Indeed, the group Z/p acts freely on Y by sending (x, y) to (x, y + 1), and the projection is nothing but the quotient map.
In fact, there are a wealth of finiteétale covers of A 1 k . The famous Abhyankar's conjecture (now a result of Raynaud ([Ray94] ) and later generalized by Harbater ([Har94] )) shows that for every G generated by its p-Sylow subgroups (in particular, for every simple group G with order divisible by p), there exists a finiteétale GGalois cover Y → A 1 k . The lifting problem and local lifting problem that are the subject of this paper are inspired by understanding the relation between branched covers in characteristic p and in characteristic zero.
1.1. Riemann's existence theorem. Our starting point is the following theorem (see [Har03,  Theorem 2.1.1]). Theorem 1.2. (Riemann's existence theorem) Let X be a smooth, projective algebraic curve over C, and let f top : Y top → X(C) be a finite topological branched cover 2 with finitely many branch points. Then there exists a branched cover f : Y → X, unique up to isomorphism, such that the corresponding topological cover f an : Y (C) → X(C) (in the complex topology) is isomorphic to f top (that is, there is a homeomorphism i Y :
Since topological covers correspond to quotients of fundamental groups, and fundamental groups of Riemann surfaces are well understood, this leads to combinatorial/grouptheoretic parameterizations of branched covers of algebraic curves over C. For instance, degree n covers of P 1 C branched at r + 1 points {x 0 , . . . , x r } correspond to index n subgroups of the topological fundamental group of P 1 \{x 0 , . . . , x r }, which is the free group F r .
Example 1.3. (Belyi maps)
A famous result of Belyi ( [Bel79] ) states that every algebraic curve X defined over Q can be expressed as a branched cover of P 1 Q , etale outside {0, 1, ∞}. Such covers are called three-point covers. By Riemann's existence theorem, these three-point covers correspond to finite index subgroups N of F 2 . The cover is Galois with group G if and only N is normal in F 2 and F 2 /N ∼ = G.
Remark 1.4. The situation in characteristic p is quite different. In fact, every smooth geometrically connected curve X defined over a perfect field k of characteristic p has a map to P 1 ké tale outside {∞}, see [Kat88, Lemma 16] , or [Abh57,  Remark 4] for the case when k is algebraically closed. In fact, if there exists an exact differential form on X whose divisor is supported at one k-point and k is algebraically closed, then one can force the map to have only one ramification point over ∞ ([Zap08, Theorem 1]).
The earliest results on the lifting problem were motivated by the search for a characteristic p version of Riemann's existence theorem. That is, is there a way to parameterize branched covers of curves in characteristic p in terms of wellunderstood group theory? In some sense, obtaining a full answer is hopeless. For instance, even if we restrict ourselves to branched covers of P 1 branched only at ∞, there are infinitely many linearly disjoint Z/p-covers (take the smooth projective completion of the affine cover V (y p − y − x N ) ⊆ A 2 → A 1 given by projecting to the x-axis, as N ranges through N\pN). This tells us that the fundamental group of A 1 k , for k an algebraically closed field of characteristic p, is not finitely generated (since it has an infinitely large elementary abelian p-quotient).
2 Recall that a topological branched cover is a continuous map that is a topological cover away from a nowhere dense set of points.
However, the situation is better when we restrict our attention to tame covers, that is, covers where p does not divide the ramification indices. In this situation, Grothendieck showed that each branched cover in characteristic p is the reduction of a branched cover in characteristic zero, which is more or less unique. Theorem 1.5. (Grothendieck's "tame Riemann existence converse" theorem in characteristic p) Let R be a complete discrete valuation ring with algebraically closed residue field k of characteristic p and fraction field K with algebraic closure K. Let X R be a smooth, projective, relative R-curve with special fiber X and generic fiber X K , and let x 1,R , . . . , x n,R be pairwise disjoint sections of X R → Spec R. Write x i for the intersection of x i,R with X.
If f : Y → X is a tamely ramified finite cover,étale above X\{x 1 , . . . , x n }, then there is a unique finite flat branched cover f R : Y R → X R ,étale above X R \{x 1,R , . . . , x n,R } with the same ramification indices as that of f , such that the special fiber of f R is f . If f is G-Galois, then so is f R .
Proof. If f isétale, the theorem follows from Grothendieck [Wew99] for an exposition). See also [Ful69] for an alternate proof. If f is a Galois cover, the theorem also follows from the local-global principle (Theorem 3.1), along with Example 4.3. ✷ Remark 1.6. The cover f R is called a lift of the cover f over R. Thus, the tame Riemann existence converse can be stated succinctly as "tame covers lift over R (uniquely once the branch locus is fixed)." See §1.2.
Remark 1.7. Assume without loss of generality that k is countable (any morphism of varieties in characteristic p, being given by finitely many equations, can be defined over some finitely generated extension of F p , whose algebraic closure is thus countable). If R is a complete discrete valuation ring with residue field k and fraction field K, then it is an easy exercise to show that |R| = |K| = |K| = |C|, and thus that char(R) = 0 implies K ∼ = C, since they are both algebraically closed fields of characteristic zero with the same cardinality. Suppose char(R) = 0 above. Then Theorem 1.5 shows that once the branch locus is fixed, each tame branched cover in characteristic p gives rise to a branched cover over R, thus a branched cover over K ∼ = C via base change, and thus to a topological branched cover of X(C). This is why we call the theorem a Riemann existence converse theorem: It shows that any tame algebraic cover in characteristic p comes from a topological cover over C. Example 1.1 shows that this is not true for wild covers! Remark 1.8. Theorem 1.5 has the following interpretation in terms of fundamental groups. Write U = X\{x 1 , . . . , x n } and write U K = (X R \{x 1,R , . . . , x n,R }) × R K. Let π t 1 (U ) be the tame fundamental group of U (that is, the automorphism group of the pro-universal tame cover of X,étale above U ), and let π t 1 (U K ) be the p-tame fundamental group of U K × K K (same definition, but replace "tame" with "ramified of prime-to-p index"). Then there is a natural surjection φ : π t 1 (U K ) → π t 1 (U ), well defined up to conjugation. See [Obu12, Remark 2.4] for details on this surjection.
In particular, when char(R) = 0, this shows that the tame fundamental group of a characteristic p curve is a quotient of the p-tame fundamental group of a characteristic zero curve of the same genus with the same number of missing points. Remark 1.9. The surjection φ from Remark 1.8 descends to an isomorphism
where π
We first lift X to a curve X R , we lift the branch points of f to R-points of X R using the valuative criterion for properness, and then we apply Theorem 1.5.
In spite of Remark 1.14, the lifting problem does not always have a solution (see Examples 2.4, 2.5, and 2.6). However, one of the major open conjectures in the field, giving a positive lifting result, has been recently solved by Obus-Wewers and Pop ([OW14] , [Pop14] ). Theorem 1.15. (The Oort conjecture) The lifting problem for cyclic covers of curves has a solution (for some discrete valuation ring).
In §2, we discuss a number of basic examples of the lifting problem. It turns out that determining whether the lifting problem can be solved reduces to a local lifting problem on extensions of power series rings (Question 4.1). This reduction is thanks to a local-global principle, which we state and prove in §3.
The local lifting problem is the main approach to the lifting problem today. In §4, we define the local lifting problem, and give some obstructions to solving it. In §5, we summarize the positive results for the local lifting problem known at the present, which is followed by §6, where we give an overview of the various techniques that are used to construct lifts. Although, historically, positive results for the local lifting problem were discovered before the discovery of systematic obstructions, we feel that it may be beneficial for the reader to first have a limited set of cases of the local lifting problem to think about, before seeing what is known. The interested reader can certainly skip to §5 right after reading the introduction to §4.
In §7, we sketch the deformation-theoretic approach to the local lifting problem, which aims not only to solve it, but to understand what the space of solutions looks like (this section assumes familiarity with general deformation theory, and is written at a somewhat higher level of sophistication than the rest of the chapter). We close with §8, which is a list of open problems. Appendix A includes some algebraic results that are used in our proofs.
1.3. A remark on this exposition. The paper [Obu12] is an earlier exposition that I wrote on the local lifting problem. In what follows, I have attempted to minimize duplication of [Obu12] and to cite it for proofs whenever possible. At the same time, I have striven to keep notation as identical as possible to that of [Obu12] . This chapter contains a great deal of material not present in [Obu12] , such as a proof of the local-global principle, the (differential) Hurwitz tree obstruction, the "Mumford method" of using equicharacteristic deformations to build lifts and its application in the resolution of the Oort conjecture, all the deformationtheoretic material, several results of the last few years, and many examples and open problems. There is also quite a bit of material in [Obu12] not included here, in particular a detailed account of lifting for cyclic extensions. That being said, this chapter has the same basic structure as [Obu12] , and to make it readable on its own, some repetition is necessary. In some sense, this chapter and [Obu12] are companion papers that can be read together if desired. In particular, I will often give a reference to [Obu12] , even when a result is originally from another source (which I will also cite). In order to keep the level of exposition relatively basic, we do not include details on differential/deformation data, although they are mentioned in §4.2.
1.4. Notation and conventions. Throughout this paper, p represents a (fixed) prime number, k is (unless otherwise noted) an algebraically closed field of characteristic p, and W (k) is the ring of Witt vectors of k, that is, the unique complete discrete valuation ring in characteristic zero with uniformizer p whose residue field is k (see, e.g., [Ser79, II, §6] ).
If Γ is a group of automorphisms of a ring A, we write A Γ for the fixed ring under Γ. For a finite group G, a G-Galois extension (or G-extension) of rings is a finite extension A ֒→ B (also written B/A) of integrally closed integral domains such that the associated extension of fraction fields is G-Galois. We do not require B/A to beétale.
If x is a scheme-theoretic point of a scheme X, then O X,x is the local ring of x in X. If R is any local ring, thenR is the completion of R with respect to its maximal ideal. A G-Galois cover (or G-cover ) is a branched cover f : Y → X with an isomorphism G ∼ = Aut(Y /X) such that G acts transitively on each geometric fiber of f . Note that G-covers of affine schemes give rise to G-extensions of rings, and vice versa.
Suppose f : Y → X is a branched cover, with X and Y locally noetherian. If x ∈ X and y ∈ Y are smooth codimension 1 points such that f (y) = x, then the ramification index of y is the ramification index of the extension of complete local ringsÔ X,x →Ô Y,y . If f is Galois, then the ramification index of a smooth codimension 1 point x ∈ X is the ramification index of any point y in the fiber of f over x. If x ∈ X (resp. y ∈ Y ) has ramification index greater than 1, then it is called a branch point (resp. ramification point ).
If R is any ring with a non-archimedean absolute value | · |, then R{T } is the ring of power series ∞ i=0 c i T i such that lim i→∞ |c i | = 0. Throughout the paper, we normalize the valuation on R and K so that p has valuation 1.
If X is a smooth curve over a complete discrete valuation field K with valuation ring R, then a semistable model for X is a relative curve X R → Spec R with X R × R K ∼ = X and semistable special fiber (i.e., the special fiber is reduced with only ordinary double points for singularities).
If R is a discrete valuation ring with residue field k and fraction field K, and A is an R-algebra, we write A k and A K for A ⊗ R k and A ⊗ R K, respectively.
Suppose S is a ring of characteristic zero, with an ideal I such that S/I has characteristic p. If an indeterminate in S is given by a capital letter, our convention (which we will no longer state explicitly) will be to write its reduction in S/I using the respective lowercase letter. For example, if
, and u is the reduction of U .
The group D n is the dihedral group of order 2n. The symbol ζ p represents a primitive pth root of unity. The genus of a curve X is written g(X).
Global results
In this section, f : Y → X is a branched G-Galois cover of smooth projective curves over k, where G is a finite group. Recall that the lifting problem asks if there is a characteristic zero discrete valuation ring R with residue field k and a branched G-Galois cover f R : Y R → X R of smooth relative R-curves whose special fiber is f . 2.1. Tame covers. As we have seen in Remark 1.14 (based on Theorem 1.5), if R is complete and f is furthermore tamely ramified, then f lifts over R. In particular, f lifts to characteristic zero whenever |G| is not divisible by p. It is not always easy to write down tame covers and their lifts explicitly, but one can do this for cyclic (or abelian) covers, as shown in the next example.
Example 2.1. Suppose f : Y → P 1 k is a cyclic Z/n-cover over k corresponding to the function field embedding
for some pairwise distinct a i ∈ k, where p ∤ n and all c i > 0. Let P 1 R be the standard lift of P 1 k with coordinate T reducing to t. Let R be a complete characteristic zero discrete valuation ring with residue field k. We claim that a lift f R of f can be given by taking the normalization Y R of P 1 R in the function field
where A i is any lift of a i to R. Here K = Frac(R) and a generator of the Galois group takes Z to ζ n Z (note that R, being complete, contains ζ n ). The map f R is flat by Proposition A.3. Since the normalization of
But we must check that it is smooth (the normal scheme Y R can, in theory, have singularities in codimension 2!). The generic fiber f K := f R × R K is branched of index e i := n/ gcd(n, c i ) above A i , so the Riemann-Hurwitz formula gives that the genus g η of Y R × R K satisfies
The same is true for the genus g Y of Y . Since f R is flat, the arithmetic genus p a (Y R × R k) = g η = g Y (e.g., [Har77, III, Theorem 9.13]). Thus Y R × R k is smooth (see, e.g., [Har77, IV, Exercise 1.8]).
Wild covers.
In stark contrast to the case of tame covers, the lifting problem for wild covers contains a great deal of mystery. Even in the most basic example when a wild cover lifts, writing the lift down is less straightforward than in Example 2.1.
where z is a coordinate on P 1 . The Galois action is generated by z → z + 1. Let R be a complete discrete valuation ring with residue field k containing ζ p and let λ = ζ p − 1. A lift of f to characteristic zero is f R :
(1 + λZ) p − 1 λ p (note that this is defined over R, and reduces to z → z p − z over k). The Z/p-Galois action on Y R is generated by Z → ζ p Z + 1 (which has order p -the reader should check this!), and this action reduces to z → z + 1 over k.
Remark 2.3. Notice that the generic fiber of Y R above has two ramification points (at Z = −1/λ and Z = ∞), both of which specialize to the unique ramification point z = ∞ of Y . This phemomenon of a ramification point "splitting" into several ramification points on a lift to characteristic zero happens whenever the ramification point is wild (indeed, the Riemann-Hurwitz formula necessitates this, as a wild ramification point of index e contributes more than e − 1 to the degree of the ramification divisor).
There are also examples of wild covers that do not lift to characteristic zero, such as the following.
n (for any n) embeds into the additive group of k, and acts on Y by the additive action, fixing ∞. Let f : Y → X ∼ = P 1 be the induced G-cover. If f R : Y R → X R is a lift of f to characteristic zero and K = Frac(R), then flatness of Y R → Spec R implies that the generic fiber Y K of Y R is a genus zero curve in characteristic zero with Gaction. However, the automorphism group of Y K embeds into P GL 2 (K), which does not contain (Z/p) n if n > 1 and p n = 4. So the G-action on Y cannot lift to characteristic zero in these cases.
Along the same lines, and more simply, a cover might not lift simply because the automorphism group is too large for characteristic zero. The following example is from [Roq70, §4] . 
This group contains P GL 2 (p) as an index 2 subgroup (considering only the action on x), so |G| = 2p(p 2 − 1). If the G-cover f : Y → Y / Aut(Y ) lifted to characteristic zero, the generic fiber of the lift would be a genus g Y curve with at least |G| automorphisms. Since |G| > 84(g − 1), this violates the Hurwitz bound on automorphisms of curves in characteristic zero (see, e.g., [Har77, IV, Ex. 2.5]). Indeed, this is the case even when G is replaced by its index 2 subgroup P GL 2 (p).
Lastly, here is an example from [Oor87, §2] of a wild cover that is non-liftable for reasons other than the size of the automorphism group. Example 2.6. Suppose p = 5, and let G be the group of order 20 with presentation σ, τ | σ 5 = 1, τ 4 = 1, στ = τ σ −1 . Let f : Y → X = P 1 be the G-cover corresponding to the embedding of function fields k(t) ֒→ k(t)[x, y]/(x 4 − t, y 5 − y − x −2 ), where the G-action is given by
If Z corresponds to the subfield k(t, x), then Z → X is a Z/4-cover of genus zero curves ramified at x = 0 and x = ∞, and Y → Z is an Artin-Schreier Z/5-cover branched only at x = 0. If P ∈ Y is the point above x = 0, then xy 2 is a uniformizing parameter at P , and the ramification divisor D of Y → Z can be calculated by taking dx d(xy 2 ) = − dx 2xy dy = −x 2 /y, whose divisor has P -part 12 [P ] . Thus D = 12 [P ] , and the Riemann-Hurwitz formula shows that the genus of Y is 2. Now, suppose that f has a lift f R : Y R → X R over a discrete valuation ring R in characteristic zero. There is an intermediate
By flatness, the generic fiber Y K → Z K over K := Frac(R) is a Z/5-cover of a genus 0 curve by a genus 2 curve, and Z K → X K is a Z/4-cover of genus zero curves. Since all ramification points of Y K → Z K have ramfication index 5, the Riemann-Hurwitz formula yields 2(2) − 2 = 5(−2) + 4r, where r is the number of branch points. Thus r = 3, and these three points are permuted by the Z/4-action on Z K . Since Z K → X K is a cover of genus zero curves, this action is free apart from two fixed points. So no set of three points is stable under this action, yielding a contradiction.
The examples above motivate the following obstruction to lifting, known as the Katz-Gabber-Bertin (or KGB ) obstruction (cf. [CGH11, §1] , where the definition is given in a slightly different context).
Definition 2.7. (The KGB Obstruction) If f : Y → X is a branched G-cover of smooth projective curves over k, then there is KGB obstruction to lifting f if there exists no curve C in characteristic zero with faithful G-action such that, for all H ≤ G, the genus of C/H equals the genus of Y /H. If there does exist such a curve, we say that the KGB obstruction vanishes.
Remark 2.8. The KGB obstruction above motivates the local KGB obstruction (Definition 4.5), which will be the form we primarily use.
By flatness, it is clear that if f has a KGB obstruction to lifting, then it does not lift to characteristic zero. Furthermore, the KGB obstruction explains the failure of lifting in Examples 2.4, 2.5, and 2.6. Remark 2.9. In general, obstructions to the lifting problem come from looking at all conceivable lifts of characteristic p branched covers with certain properties, seeing what properties the lifts would have, and attempting to encode these properties in an abstract structure. There will then be an obstruction to lifting if this abstract structure can't exist. As we have seen, the KGB obstruction rests on the simple observation that a lift of a curve with a given genus has the same genus. The abstract structure in this case can be viewed as a function from subgroups H ⊆ G to integers (representing the genus of Y /H). This function can exist only when it obeys the constraints given by the Riemann-Hurwitz formula in characteristic zero.
2.3. Oort groups and the Oort conjecture. Remark 1.14 has the consequence that every G-Galois cover f : Y → X of smooth projective curves over k, where p ∤ |G|, lifts to characteristic zero. This motivates the natural question of which groups G have the property that all G-covers lift. After [CGH08] , we call a finite group G with this property an Oort group for p (we sometimes suppress p when it is implicit). Thus prime-to-p groups are Oort groups. By the examples of §2.2,
n is not an Oort group when n > 1 and p n > 4, the group P GL 2 (p) is not an Oort group for p > 3, and the group of order 20 with presentation σ, τ | σ 5 = 1, τ 4 = 1, στ = τ σ −1 is not an Oort group for 5. From this, one can easily obtain more examples of non-Oort groups (for instance, it is an exercise to show that any direct product of a non-Oort group with another group will be a non-Oort group).
On the other hand, it is generally not easy to prove that a group is an Oort group. The first major result for a group with order divisible by p is due to Sekiguchi-OortSuwa.
Theorem 2.10 ( [SOS89] ). If G is a cyclic group of order mp, with p ∤ m, then G is an Oort group.
Around the same time, Oort ([Oor87, §7]) made the statement that "it seems reasonable to expect that [lifting] is possible for every automorphism of an algebraic curve." This is equivalent to saying that all cyclic groups are Oort groups (for all p). This statement has come to be known as the Oort conjecture, and has driven much of the progress to date in the lifting problem. The Oort conjecture was recently proven by the combined work of ) and Pop ([Pop14] ). The proof makes heavy use of the local-global principle, which is the subject of the next section. In fact, the local-global principle underlies virtually all progress on the lifting problem since [SOS89] . Thus, we will discuss it before saying anything further about Oort groups.
The local-global principle
In this section, R is a complete characteristic zero discrete valuation ring with residue field k.
Suppose a finite group G acts on a smooth, projective curve Y /k, giving rise to a G-cover f : Y → X := Y /G. Let y ∈ Y be a closed point, and let I y ≤ G be the inertia group of y. The G-action on Y induces an I y -action on the complete local ringÔ Y,y , which is isomorphic to a power series ring k[ 
, where Z and T can be chosen to be any lifts of z and t (Lemma A.5). Thus, it makes sense to say that the
] to characteristic zero. In other words, any lift of the G-cover f over R gives rise to a lift of the I y -extensionÔ Y,y /Ô X,f (y) over R.
Amazingly, the converse of the above statement holds as well! This is called the local-global principle for lifting. [Har03] for a detailed introduction to patching, and [Har77, II.9] for an introduction to formal schemes). The idea is as follows: Suppose we are given a branched Galois cover f : Y → X and lifts of the Galois coverŝ O Y,y /Ô X,f (y) over R for all ramification points y. Let U ⊆ X and V ⊆ Y be the complements of the branch and ramification loci, respectively. The cover f : V → U isétale, and thus admits a lift to a formal scheme over R due to Grothendieck's theory ofétale morphisms. The individual Galois coversÔ Y,y /Ô X,f (y) admit lifts over R by assumption. These can be "patched" together to create a Galois branched cover of proper formal schemes F : Y → X over R. Grothendieck's Existence Theorem (also known as "formal GAGA") shows that F is actually the formal completion of a G-Galois branched cover of R-curves f R : Y R → X R , which is the lift we seek.
The rest of §3 will be devoted to the details of this proof.
3.1. Preliminaries andétale lifting. We start with two basic lemmas on formal lifting.
Lemma 3.3. Let X be a smooth curve over k and let R be a complete discrete valuation ring with residue field k. There exists a smooth formal R-curve X whose special fiber is X. Furthermore, if U ⊂ X is an open subscheme, there is a smooth formal R-curve U ⊆ X whose special fiber is U .
Proof. Let X be a smooth projective completion of X. By Remark 1.14, there is a lift of X to a smooth projective curve X R over R. By Hensel's lemma, we can lift each of the points of X\X to an R-point of X R . Let X R be the affine R-curve given by the complement of these R-points. Now take X to be the formal completion of X R at X. This process suffices as well for the construction of U. ✷ Lemma 3.4 ([SGA03, I, Corollaire 8.4]). Let f : Y → X be anétale cover of smooth k-curves and let R be a complete discrete valuation ring with residue field k. Let X be a smooth formal R-curve with special fiber X. Then there is a unique smooth formal R-curve Y with a finite map F : Y → X such that F has special fiber f . If f is G-Galois, then so is F , and the G-action on Y lifts that on Y .
3.2.
A patching result. . Let R be a complete discrete valuation ring with residue field k and uniformizer π. Let X be a smooth formal affine R-curve with special fiber X. Suppose f : Y → X is a finite, dominant, separable morphism. Let x ∈ X be a closed point, let U = X\{x}, let V = f −1 (U ), and assume that f | V isétale. Let U ⊆ X be a formal lift of U over R as in Lemma 3.3, and let Φ : V → U be the lift of f | V : V → U guaranteed by Lemma 3.4. Lastly, let A be a finite normalÔ X ,x -algebra such that there is an isomorphism A/π
(i) There is a smooth formal R-curve Y containing V and a finite cover F : Y → X such that F | V = Φ, that the special fiber of F is f , and that the restriction of F above SpecÔ X ,x gives the extension A/Ô X ,x .
(ii) If f is G-Galois, G acts on A with A G ∼ =ÔX ,x , and the morphism A → y∈f −1 (x)Ô Y,y is G-equivariant, then F is G-Galois, and the G-Galois action on Y lifts that on Y .
Proof. We adapt the proof of Henrio. Write
where p i is a separable monic Eisenstein polynomial with coefficients inÔ X,
−1 } of complete discrete valuation rings. Now,
This homomorphism is an isomorphism modulo π, and is thus an isomorphism by Remark A.2. Note that, under the assumptions in (ii), G acts on
On the other hand, let C be the finite
Proceeding as with B, we can write C = n i=1 C i , with isomorphisms
Note that, under the assumptions in (ii), Lemma 3.4 shows that V → U is G-Galois, and thus that G acts on
−1 }-isomorphisms, giving rise to a product isomorphism µ : C → B. Then, µ modulo π is the identity on n i=1 k((z i )). Thus µ is G-equivariant, since roots of P i are in one-to-one correspondence with roots of p i .
We can define an
Since one can find a rational function on an affine curve (namely, V ) with specified principal part at finitely many points (exercise!), the map θ is surjective modulo π. By Remark A.2, θ is surjective. Under the assumptions in (ii), θ is clearly G-equivariant. Let A = ker(θ), which is an O(X )-algebra. We claim that we can take Y = Spf A. Since A/π ∼ = O(Y ) is a finite O(X)-algebra, A is a finite O(X )-algebra (this follows from Lemma A.1 applied to a lift of a presentation for A/π). Thus we obtain a finite morphism F : Y → X . Furthermore, we have A ⊗ O(X ) O(U) ∼ = O(V), using Remark A.2 and the fact that the isomorphism holds modulo π (where it simply expresses the fact that Y ⊗ X U ∼ = V ). Geometrically, this means that
The claim is proved, proving (i). Under the assumptions of (ii), since µ is G-equivariant, G acts on A and the action restricts to that on O(Y ). This proves (ii). ✷ 3.3. Proof of Theorem 3.1. Let x 1 , . . . , x n be a finite set of closed points of x containing the branch locus of f , with n ≥ 2. Let U = X\{x 1 , . . . , x n }, let
Note that X i and Y i are affine since n ≥ 2. Let X R be a smooth lift of X over R, and let X be the formal completion of X R at the uniformizer π of R. Let X i ⊆ X (resp. U ⊆ X ) be the lift of X i (resp. U ) guaranteed by Lemma 3.3, and let Φ : V → U be the G-cover of formal curves guaranteed by Lemma 3.4. Lastly, let
] is a lift of the I yi -extensionÔ Y,yi /Ô X,xi for some point y i lying above x i .
We apply Proposition 3.5 with f | Yi : Y i → X i in the role of f : V → U and with A i in the role of A. The assumptions of Proposition 3.5(ii) are satisfied, and we obtain G-Galois covers F i : Y i → X i , all of which restrict to Φ on V . Now, a G-Galois cover of X i corresponds to a coherent sheaf B i of G-Galois O Xi -algebras. Using (Zariski!) gluing, the sheaves B i glue to a coherent sheaf B of O X -algebras on the proper formal scheme X . By Grothendieck's Existence Theorem ([Gro95, Théorème 3]), B is the π-adic completion of a coherent sheaf B R of G-Galois O XRalgebras (technically, [Gro95] only gives the result for sheaves of modules, but since Grothendieck's Existence Theorem in fact gives an equivalence of tensor categories of coherent sheaves on X and X R , one gets the same result for sheaves of algebras, as well as for sheaves of G-Galois algebras. See [Har03, General Principle 2.2.4] and the surrounding discussion for details. The sheaf B R gives rise to a G-cover f R : Y R → X R of proper, smooth R-curves whose special fiber is f . This is the lift we seek. ✷ Remark 3.6. Bertin and Mézard gave an alternate proof of Theorem 3.1 that relies on deformation theory (see §7.2 below and [BM00, §3]). There is also a proof by Green and Matignon ([GM98, III]).
The local lifting problem and its obstructions
In this section, m represents a natural number prime to p. In light of the localglobal principle (Theorem 3.1), the following question, known as the local lifting problem, is the key to solving the lifting problem.
Question 4.1. Suppose G is a finite group, and
] is a G-Galois extension. Does there exist a characteristic zero discrete valuation ring R with residue field k and a G-
If such a lift exists, we say that
] lifts to characteristic zero (or lifts over R).
Remark 4.2. As one sees in §A.3, any group G for which there exists a faithful local G-extension is of the form P ⋊ Z/m, where P is a p-group. We will call such a group cyclic-by-p. In particular, cyclic-by-p groups are solvable. This is one of the benefits of the local-global principle -it converts a problem that potentially deals with all finite groups into a problem dealing only with solvable groups.
will be known as a local G-extension. Since the lifting problem does not always have a solution, neither does the local lifting problem. So we ask: Can we find necessary and sufficient criteria for a local G-extension to lift to characteristic zero? Over some particular R?
A cyclic-by-p group for which every local G-extension lifts to characteristic zero is called a local Oort group for k. If there exists a local G-extension lifting to characteristic zero, G is called a weak local Oort group. The question of whether a group G is a weak local Oort group has been called "the inverse Galois problem" for the local lifting problem ( [Mat99] ). Example 4.4. By the local-global principle, every G-cover that does not lift to characteristic zero yields a local H-extension that does not lift to characteristic zero, where H is the inertia group of some ramification point. For instance, let
n is not a local Oort group (although it is a weak local Oort group, by [Mat99] ).
4.1. The (local) KGB obstruction. The KGB obstruction (Definition 2.7) has a local counterpart called the local KGB obstruction (often, one drops the word "local," which should not cause much confusion). This is the main tool used to show that local G-extensions do not lift to characteristic zero. 
Definition 4.5. In the context above, we say that a local G-extension has a (local) KGB obstruction to lifting if the associated HKG-cover does.
Remark 4.6. One can also formulate the local KGB obstruction in a purely local way (not using HKG-covers), using the different and Proposition 6.2 below as a replacement for the fact that the genus of a lift of a curve equals the genus of the original curve. We leave this as an exercise.
Remark 4.7. The Bertin obstruction of [Ber98] is strictly weaker than the local KGB obstruction, so we do not discuss it further. That the local KGB obstruction is at least as strict as the Bertin obstruction is proven in [CGH11, Theorem 4.2].
An example of a local Z/3 × Z/3-extension with vanishing Bertin obstruction but non-vanishing local KGB obstruction is given in [CGH11, Example B.2].
] lifts to characteristic zero, its local KGB obstruction vanishes. If G is cyclic-by-p and the local KGB obstruction vanishes for all local G-extensions, then G is called a local KGB group for p. If the local KGB obstruction vanishes for some local G-extension, then G is called an weak local KGB group for p.
The following classification of the local KGB groups is due to Chinburg, Guralnick, and Harbater.
Theorem 4.8 ([CGH11], Theorem 1.2). The local KGB groups for k consist of the cyclic groups, the dihedral group D p n for any n, the group A 4 (for char(k) = 2), and the generalized quaternion groups Q 2 m of order 2 m for m ≥ 4 (for char(k) = 2).
Sketch of proof.
We briefly outline the negative direction (i.e., that there are no local KGB groups aside from the ones on the list). The first observation is that if G is a local KGB group for p, then any quotient of G is as well. This is because any local G/H-extension can be extended to a local G-extension ([CGH08, Lemma 2.10]), and if the local G/H-extension has nontrivial local KGB obstruction, then the G-extension clearly has one too. Thus, to show that a group is not local KGB, it suffices to show it has a quotient that is not local KGB. There is an explicit list of types of groups that can be shown not to be local KGB (this list includes, for example, Z/p × Z/p for p odd), and it can be further shown that any cyclic-by-pgroup either has a quotient on this list, or is one of the groups in Theorem 4.8 (see [CGH11, [11] [12] ). This completes the proof. Since any local Oort group is a local KGB group, the search for local Oort groups is restricted to the groups in Theorem 4.8. The generalized quaternion groups were shown not to be local Oort groups in [BW09] . The obstruction developed in [BW09] to show this is called the Hurwitz tree obstruction, and will be discussed in §4.2 (see specifically Example 4.17).
4.1.1. Global consequences. Suppose G is an arbitrary finite group and fix a prime p. Let us revisit the question of whether G is an Oort group (for p). By the localglobal principle, it is clear that if every cyclic-by-p subgroup of G is local Oort, then G is an Oort group. In fact, the converse is true as well. Proof. The "if" direction follows from the local-global principle. To prove the "only if" direction, let I ≤ G be a cyclic-by-p subgroup, and let
] be a local I-extension. By [CGH08, Lemma 2.5], there is a G-Galois cover f : Y → P 1 such that there is a point x ∈ P 1 and a point y ∈ Y above X for which the I-Galois In light of Proposition 4.9, classifying the Oort groups for p consists of two parts: classifying the local Oort groups for p, and classifying the groups whose cyclic-by-p subgroups are on this list. Following Chinburg-Guralnick-Harbater ([CGH15]), we call a group G an O-group for p if every cyclic-by-p subgroup of G is either cyclic, D p n , or A 4 if p = 2. Since these are the only cyclic-by-p groups that can be local Oort groups, Proposition 4.9 shows that a group G can be an Oort group only if it is an O-group. In particular, if D p n is shown to be local Oort for all p and all n, then the list of O-groups is the same as the list of Oort groups. The list of all O-groups has been computed by Chinburg-Guralnick-Harbater. • The normalizer N G (P ) and centralizer Z G (P ) of P in G are equal, or,
, the order p subgroup Q ≤ P has abelian centralizer, and every element of N G (Q)\Z G (Q) acts as an involution inverting Z G (Q).
If p = 2, then G is an O-group if and only if P is cyclic or P is dihedral, with
More explicit lists of groups satisfying these criteria are given in [CGH15, Theorems 2.7, 3.8].
4.1.2. Consequences of obstructions for weak local Oort groups. Suppose G := Z/p n ⋊ Z/m is non-cyclic (equivalently, non-abelian). It turns out that a local
n -subextension has first positive lower jump h has vanishing KGB obstruction precisely when h ≡ −1 (mod m). If this happens, the conjugation action of Z/m on Z/p n is faithful, or equivalently, G is center-free ([Obu12, Proposition 5.9]). So groups G of this form that are neither cyclic nor center-free cannot be weak local Oort.
Furthermore, Green-Matignon showed that if G contains an abelian subgroup that is neither cyclic nor a p-group, then G is not a weak local Oort group (see [Gre03, Proposition 3 .3], which shows that no abelian group can be weak local Oort unless it is cyclic or a p-group -it is more or less trivial to see that if a group contains a subgroup that is not weak local Oort, then the group itself is not weak local Oort). For a somewhat stronger statement, see [CGH11, Theorem 1.8].
4.2. The (differential) Hurwitz tree obstruction. Recall that the (local) KGB obstruction comes from exploiting the fact that the genus of a curve does not change when it is lifted to characteristic zero. However, if we have a local G-extension
] and a lift of its corresponding HKG-cover, then only remembering the genus of this cover and its subcovers means that we are actually throwing out a great deal of other information. In particular, we are forgetting the p-adic geometry of the branch locus (that is, the distances of the branch points from each other). It turns out that these distances satisfy subtle constraints, and the information about these constraints can be packaged in a combinatorial structure called a Hurwitz tree. We will give a much briefer overview below, and then we will mention how one generalizes to the case of arbitrary local G-extensions.
, where R is a characteristic zero complete discrete valuation ring. The key observation is that we should think of R[[Z]] as the ring of R-valued functions on the p-adic open unit disc (since, if x is algebraic over R and has positive valuation, all power series converge on x). Thus we will think of
] as the open unit disc. By assumption, G acts faithfully on D by R-automorphisms with no inertia above a uniformizer of R (that is, the action reduces to a faithful G-action on Spec k[[z]]). The idea of a Hurwitz tree is to understand the geometry of this action in combinatorial form. We will write D K for the generic fiber of D, where K = Frac(R). Clearly, G acts on D K . We assume R and K are large enough for all ramification points of
, and write
. . , z r )-we assume r, s ≥ 2, which is automatic as long as G has nontrivial p-Sylow subgroup). This is the minimal semistable R-curve with generic fiber P 1 K that separates the specializations of the y i (resp. z i ) and ∞, where
K is viewed as the open unit disc centered at 0 (see, e.g, [Obu12, Appendix A] for more details). One way to think about this is that we extend the coordinate Z (resp. T ) on 
The underlying tree of the Hurwitz tree is built from the dual graph Γ of Z. Specifically, the edges E(Γ) and vertices V (Γ) correspond to the irreducible components and nodes of Z, respectively. An edge connects two vertices if the corresponding node is the intersection of the two corresponding components. We append another vertex and edge v 0 and e 0 so that e 0 connects v 0 to the vertex corresponding to the component containing the specialization of ∞. Lastly, we append a vertex 3 All of this can be avoided by simply taking Y st and Z st to be semistable models of the discs themselves, in which case Y st → Z st would be the actual quotient map, but semistable models of discs are perhaps less familiar than semistable models of curves.
v i for each branch point y i , and connect it via an edge e i to the vertex representing the irreducible component of Z to which y i specializes. This gives us a tree Γ ′ . To each edge e ∈ E(Γ)\{e 0 , . . . , e r }, we attach a positive number ǫ e equal to the thickness of the corresponding node. That is, if the edge corresponds to a point z ∈ Z, then the complete local ringÔ Hen00b] ), and we set ǫ e = v(ρ). We set ǫ e0 equal to v(z i ), where z i is a branch point of smallest possible valuation (thought of as an element of R). Such a branch point will specialize to the same component of Z as ∞. Lastly, we set ǫ ei = 0 for all i > 0. Now, suppose the p-Sylow subgroup of G is Z/p. In this case we attach the following data to each vertex v ∈ V (Γ ′ ).
• If G is a general finite group of the form P ⋊Z/m with P a p-group and p ∤ m, the Hurwitz tree construction of [BW09] starts in the same way, and one produces the same tree Γ ′ and the same edge thicknesses ǫ e . However, one makes the following changes.
• Each vertex v ∈ V (Γ ′ ) now has a decomposition conjugacy class [G v ], which is the conjugacy class (inside G) of the Galois group ofÔ Y st ,ηw /Ô Z st ,ηv .
• Instead of being a number, the depth
It is equal to 0 on v 0 .
• Each edge e ∈ E(Γ ′ ) now has an Artin character a e , which is an (integral) character on G (see [BW09, §3.3] ). In fact, the Artin character a e0 is the Artin character of the higher ramification filtration of the original local Gextension (this result is from [BW09, Definition 3.5], and the definition of the Artin character can be found on [Ser79, p. 99]).
• There are no differential data ω v . 
.
4.2.2.
The Hurwitz tree obstruction. In the context of a general Hurwitz tree, the way one gets an obstruction is now clear. Let
] be a local G-extension whose higher ramification filtration has Artin character χ. We say there is a Hurwitz tree obstruction to lifting if no Hurwitz tree for G can be constructed having Artin character χ on the vertex v 0 .
Example 4.17. Let G = Q 2 m , the generalized quaternion group of order 2 m , which can be presented as
If m = 3, this is the standard quaternion group, and we assume m ≥ 3. Let
] is a local G-extension whose higher ramification filtration has Artin character χ, there should be a differential Hurwitz tree obstruction to lifting if no differential Hurwitz tree for G can be constructed having Artin character χ on the vertex v 0 . Of course, we have not defined a differential Hurwitz tree (aside from when G has p-Sylow subgroup Z/p, in which case a differential Hurwitz tree is just our usual definition of a Hurwitz tree with differential data). But it should be a Hurwitz tree enriched with meromorphic differential forms attached to each vertex v (aside from the leaves) such that the divisors of these forms have some sort of compatibility with the Artin characters, and such that the forms themselves are of a certain type (which will in general be more complicated than just "exact" or "logarithmic," see Remark 4.14).
We elaborate somewhat in the case G = (Z/p) n . Suppose we have a Hurwitz tree for G whose underlying graph has only one non-leaf vertex. Suppose further that the Artin character for the edge going from this vertex to the root of the tree (i.e., the vertex with depth zero) gives the value m + 1 for all nontrivial elements of G. In this case, the extra "differential data" should be an n-dimensional F p -vector space of logarithmic differential forms, each with a (unique) zero at ∞ of order m − 1 and m + 1 simple poles. Such a vector space is called an E m+1,n in the introduction to [Pag02a] . In fact, there is no KGB obstruction to lifting this type of extension ([Obu12, Proposition 5.8]), and one can show that the Hurwitz tree obstruction vanishes as well. Thus it is justified to say that there is a differential Hurwitz tree obstruction to lifting in this case. • Cyclic groups G are local Oort (i.e., the Oort conjecture is true The results above will be discussed further in §6.5 and §6.6.
Weak local Oort groups.
We have seen in §4.1.2 that there are certain obstructions to being a weak local Oort group. On the positive side, aside from the local Oort groups from §5.1, we have the following results.
• Matignon showed that (Z/p) n is weak local Oort for all p and n ( [Mat99] ). This is done using explicit methods (see §6.2).
• Obus showed that G = Z/p n ⋊ Z/m is weak local Oort whenever it is center-free ([Obu15, Corollary 1.19]). This is also a necessary condition as long as G is not cyclic, as we saw in §4.1.2.
• Brewis showed that the group D 4 is a weak local Oort group for 2 ([Bre08]).
Weaver's proof that D 4 is local Oort for 2 uses Brewis's result as a base case (see §6.6.1). Important open questions about the local lifting problem will be discussed in §8.
Lifting techniques and examples
In this section, we will survey a variety of techniques that have been used to construct lifts of local G-extensions.
Birational lifts and the different criterion. Usually, when dealing with Galois extensions of k[[t]]
, it will be more convenient to deal with extensions of fraction fields than extensions of rings. For instance, by Artin-Schreier theory, one knows that any Z/p-extension L/k((t)) is given by an equation of the form y p − y = f (t). But writing down equations for the integral closure of k[[t]] in L is much more difficult. So we will often want to think of a Galois ring extension in terms of the associated extension of fraction fields. In particular, we define a birational lift as follows: In fact, Garuti has shown ( [Gar96] ) that any local G-extension has a birational lift to characteristic zero.
The following criterion, which saves one from the effort of making explicit computations with integral closures, is extremely useful for seeing when a birational lift is actually a lift. 
Proposition 6.2 (The different criterion, [GM98, I, 3.4]). Suppose A/R[[T ]] is a birational lift of the local
G-extension k[[z]]/k[[t]]. Let K = Frac(R), let δ η be the degree of the different D η of A K /R[[T ]] K (i.e.,
and equality holds if and only if A/R[[T ]] is a lift of k[[z]]/k[[t]] (that is, A ∼ = R[[Z]]).
Remark 6.3. Replacing R and K by finite extensions does not affect the degree of D η above, so we may assume that the ramified ideals in
Remark 6.4. The different criterion is also valid when R is an equicharacteristic complete discrete valuation ring (i.e., R = k[[̟]]). This will be used in §6.6. 6.2. Explicit lifts. Sometimes, the simplest way of lifting a local G-extension is to write down explicit equations. We give two examples in this section.
Example 6.5. (Z/p-extensions)
The following argument shows that all local Z/p-extensions lift to characteristic zero. It is a simplified version of arguments originally from [SOS89] , and can also be found in [Obu12, Theorem 6.8]. Since it is the most basic example, one would be remiss not to include it here.
The key observation is that any Z/p-extension of a characteristic zero field containing a pth root of unity is a Kummer extension, given by extracting a pth root. The trick is then to assume ζ p ∈ R and to find an element of Frac(R
[[T ]]) such that normalizing R[[T ]] in the corresponding Kummer extension yields the original local
Artin-Schreier extension.
Say that an element of a field L of characteristic p is a ℘th power if it is expressible as x p − x for x ∈ L. By Artin-Schreier theory, any Z/p-extension of k((t)) is given by k((t))[y]/(y p − y − g(t)), and is well defined up to adding a ℘th power to g(t). In particular, we may assume that g(t) ∈ t
Similarly, we may assume that g(t) has no terms of degree divisible by p. If g(t) = t −N h(t), where h(t) ∈ k[t] has nonzero constant term, then h(t) is an N th power in k((t)), so replacing t with an N th root of 1/g(t) (which is a uniformizer), we may assume that g(t) = t −N , with p ∤ N . 
Given a local Z/p-extension k[[z]]/k[[t]], we may thus assume without loss of generality that it is the integral closure of k[[t]] in the Artin-Schreier extension of k((t))[y]/(y
Making the substitution W = 1 + λY , we obtain
where o(p p/(p−1) ) represents terms with coefficients of valuation greater than p/(p− 1). This reduces to Remark 6.9. In fact, every local Z/2 × Z/2-extension lifts to characteristic zero, but writing down the lift is not generally as straightforward as above. For more on this, see [Pag02a] and [Pag02b] .
Remark 6.10. Matignon ([Mat99]) has shown that (Z/p) n is a weak local Oort group for any p and n, by writing down an explicit example and and explicit lift. 6.3. Sekiguchi-Suwa Theory. One potential way of obtaining explicit lifts for cyclic local extensions is the Kummer-Artin-Schreier-Witt theory, or SekiguchiSuwa theory (developed in [SS94] , [SS99] , with [MRT14] being a nice survey). Here, we will limit ourselves to mentioning that Kummer-Artin-Schreier theory, as developed by Sekiguchi, Oort, and Suwa in [SOS89] , gives an explicit group scheme G defined over Z p [ζ p ] whose special fiber is G a and whose generic fiber is G m . Furthermore, the theory exhibits the (more or less unique) degree p isogeny on G explicitly. Any lift of a local Z/p-extension (which is Artin-Schreier) to a Kummer extension is a torsor under the kernel of this isogeny, and knowing the explicit equations cutting out this kernel leads one to discover the Kummer extension used in Example 6.5. The Kummer-Artin-Schreier-Witt theory generalizes this story to isogenies of degree p n . We refer the reader to [Obu12, §4.8] for a brief exposition, and then to [MRT14] if deeper knowledge is desired.
We note that Green and Matignon were able to use the Kummer-Artin-SchreierWitt theory to show that Z/p 2 is a local Oort group ([GM98], or [Obu12, §6.5] for an overview). The equations involved in Kummer-Artin-Schreier-Witt theory for Z/p n become very complicated when n > 2, and the theory has not been successfully applied to the local lifting problem for these groups. ] ] is a local G-extension with vanishing KGB obstruction. If G is cyclic (resp. non-abelian), then the extension lifts by Example 6.5 and Remark 6.6 (resp. Theorem 6.11). Now, by induction, assume that the G/ (Z/p) [OW14] , one only needs that u i+1 < pu i + p for 2 ≤ i ≤ n − 2. Since the full Oort conjecture has been proven in any case (using the techniques of §6.6), this is not so important.
] is a local Z/p n ⋊ Z/m-extension whose (unique) Z/p n -subextension has upper jumps u 1 , . . . , u n such that all u i ≡ −1 (mod m), that u i+1 < pu i + mp for 1 ≤ i ≤ n − 1, and that u 1 < mp. If a certain criterion called the "isolated differential data criterion" is satisfied by (u 1 , . .
§1.4 and Definition 7.23]. The definition is somewhat technical, so we do not discuss it here beyond saying that it has to do with the existence of certain logarithmic differential forms on P 1 k , and can be phrased as asserting the existence of a solution to an equidetermined system of (non-linear!) equations over k. (ii) The isolated differential data criterion is related to the differential Hurwitz trees from §4. 
]). (iv)
The condition u i+1 < pu i + mp is also called no essential ramification.
6.6. The "Mumford method". A technique that has been tremendously successfully applied to the local lifting problem in recent years is the method of deforming a local G-extension within characteristic p to one that has nicer properties, showing that one can lift this nicer extension to characteristic zero, and then showing that this implies the original extension can be lifted. Oort has called this the "Mumford method" because a similar idea, originally due to Mumford, was used to show that all abelian varieties over algebraically closed fields of characteristic p lift to characteristic zero. Namely, by the Serre-Tate theory of canonical liftings, it was known that ordinary abelian varieties lift to characteristic zero (see, e.g., [Kat81] ). Norman and Oort ([NO80] ) showed that any characteristic p abelian variety deforms to an ordinary abelian variety, that can then be lifted by the Serre-Tate theory. They then showed that this implies the original abelian variety can be lifted. In this case, "nice" means ordinary. In the case of the local lifting problem, "nice" will be related to having limited ramification in some sense. This sense might vary depending on the group; for Z/p n ⋊ Z/m, "nice" will mean "no essential ramification." 
where N > p is not a multiple of p. We claim that the integral closure
is an equicharacteristic deformation. Setting ̟ = 0 clearly yields k((z))/k((t)) after taking fraction fields, but we must show that
To do this we use the different criterion (Proposition 6.2) along with Remark 6.4. It suffices to show that the degree δ s of the different of the original G-extension is equal to the degree δ η of the different of the generic fiber of the deformation. We have δ s = (N + 1)(p − 1) (see Example 6.5). On the generic fiber, the two ramified ideals are (t) and (t − ̟). The function g = t −p (t − ̟) −N +p has a pole of order N − p when expanded out in k((̟))((t − ̟)), and thus the ideal (t − ̟) gives a contribution of (N − p + 1)(p − 1) to δ η . On the other hand, g has a pole of order p when expanded out in k((̟))((t)). Thus, by replacing g with g + x p − x for some x ∈ k((̟, t)) (which doesn't change the Artin-Schreier extension), we may assume that g has a pole of order less than p, and thus that (t) contributes at most p(p − 1) to δ η . So δ η ≤ (N + 1)(p − 1). By Proposition 6.2, we in fact have equality, and
Remark 6.19. Notice that the ramification jumps on the generic fiber are smaller than the ramification jumps of the originial extension. In fact, based on the example above, it is an easy exercise to show that for a local Z/p-extension, one can always find an equicharacteristic deformation such that the ramification jumps on the generic fiber are less than p.
6.6.2. Lifting via equicharacteristic deformations. In order to apply the Mumford method, we need to show that being able to lift the generic fiber of an equicharacteristic deformation to characteristic zero allows us to do the same for the original local G-extension. First, we must say what we mean by "being able to lift the generic fiber." Take
and tensor over k((̟)) with the algebraic closure k((̟)). We obtain a G-extension of Dedekind k((̟))-algebras, and localizing at any branched maximal ideal gives a G-extension of k((̟)) [[s] ] for some parameter s (for instance, one could have s = t or s = t − ̟). This is a local G-extension (with the field k((̟)) replacing k). We say that the generic fiber lifts to characteristic zero if all of the local G-extensions obtained this way lift to characteristic zero.
The following theorem says more or less that being able to lift the generic fiber of an equicharacteristic deformation implies being able to lift the original local G-extension to charcteristic zero. The argument comes from [Pop14] and a conversation with Pop, but was only written in [Pop14] for G cyclic. The papers [Obu15] and [Obu16] use similar arguments, but do not directly cite [Pop14] since they deal with non-cyclic groups. Our statement here is intended to be citeable for general G.
] is a local G-extension that admits an equicharacteristic deformation whose generic fiber lifts to characteristic zero after base change to the algebraic closure. Then
with coordinate t. There is a G-cover of flat relative We now show that Y → W lifts over a characteristic zero discrete valuation ring. Since the G-cover Y O → W O can be described using finitely many equations, it descends to a cover Y A → W A over some subring A ⊆ O that is finitely generated over W ( with ramification jump at most N , for some N not divisible by p. These extensions can be parameterized by polynomials f in t −1 , where f has degree at most N and no terms of degree divisible by p. These coefficients vary over an affine space, and the ramification jump is N on the complement of a hyperplane.
In general, if G is a p-group, one can use [Har80, Theorem 1.2 and Proposition 2.1] to show that affine spaces parameterize local G-extensions of k[[t]] whose higher ramification filtrations are subject to a given bound. 
] has a lift over the algebraic closure of W (k), which means it has a lift over some finite extension of W (k). This is a lift over a discrete valuation ring. 6.6.3. Consequences for specific groups. For applications to the local lifting problem we need to know: How nice can we hope to make local G-extensions via equicharacteristic deformations? Here is the current state of knowledge. In all cases, assume
] whose generic fiber has no essential ramification (i.e., the upper jumps u 1 , . . . , u m at any ramified point of the generic fiber satisfy u i+1 < pu i + p, see Remark 6.14(i)).
] whose generic fiber has one branch point with inertia group G and no essential ramification (in the sense of Remark 6.16(iii)), and the rest of the branch points have cyclic inertia groups. Furthermore, the upper jumps of the Z/p n -subextension of the generic fiber at the point with inertia group G are congruent to the original upper jumps of this subextension modulo mp.
] whose generic fiber has one branch point with inertia group G and corresponding ramification jump ν − 6, and all of the other branch points have inertia group Z/2 × Z/2. (iv) Suppose G = D 4 , and let ν be the maximal number such that To prove (iii), we proceed by induction on ν, where ν is as in Propsoition 6.23(iii). The base cases ν < 6 can be handled explicitly, see [Obu16, Propositions 5.1, 5.2]. Then (iii) follows from Proposition 6.23(iii), Theorem 6.20, and the fact that Z/2 × Z/2 is a local Oort group for 2 ( [Pag02b] ).
The proof of (iv) proceeds by induction on ν as in (iii), but here the base case is ν = 1 which is [Bre08, Theorem 4], we use Proposition 6.23(iv), and we also use that Z/4 and Z/2×Z/2 are local Oort groups, by [GM98] and [Pag02b] respectively. ✷
Approach using deformation theory
The previous sections of this chapter have been concerned with whether or not a Galois branched cover or a local G-extension over k lifts to characteristic zero.
In this section, we will take a more general approach and try to understand the deformation spaces of Galois branched covers and local G-extensions. Our first goal is to sketch a proof of a more refined version of the local-global principle, due to Bertin and Mézard. This reduces the global deformation problem to a local one. Then, we will give some results on local deformation spaces.
We assume familiarity with deformation theoryà la Schlessinger ([Sch68]) throughout, and we will not generally cite specific results. Another good reference for basic deformation theory is [FGI + 05, Chapter 6].
7.1. Setup. For our global deformation problem, we start with a smooth, projective, connected k-curve Y acted upon by a finite group G of automorphisms (when dealing with deformation theory, it will often be more convenient to think of things this way than in terms of branched covers). LetĈ be the category of complete local noetherian W (k)-algebras with residue field k, and let C be the full subcategory consisting of finite length W (k)-algebras. A deformation of (Y, G) over A is a relative smooth A-curve Y A with special fiber Y , such that G acts on Y A by A-automorphisms and this action restricts to the original G-action on Y . We define a global deformation functor Let D : C → Sets be a functor such that D(k) has one element. Recall that a miniversal deformation ring for D is a ring R ∈Ĉ such that there is a smooth (in particular, surjective) natural transformation ξ :
. Note that most works we cite below call this a versal deformation ring, but we will use the term miniversal so as not to conflict with usages of "versal" in the literature that mean only that Hom W (k) (R, ·) → D is smooth. If D is D gl or D loc above, we will simply say that R is a miniversal deformation ring for (Y,
The ring R is a universal deformation ring if the natural transformation ξ is an isomorphism, and in this case the functor D extends toĈ and is isomorphic to the extension of Hom W (k) (R, ·) toĈ. We say that D is pro-representable, and that the element of D(R) corresponding to the identity morphism in Hom W (k) (R, R) is the universal deformation. Miniversal and universal deformation rings are unique up to isomorphism when they exist. It is not hard to show, using Schlessinger's criteria, that both D gl and D loc have miniversal deformation rings. Furthermore, if g(Y ) ≥ 2, then D gl has a universal deformation ring, as deformations of (Y, G) have finite automorphism groups, and thus no infinitesimal automorphisms.
The tangent space to a functor D : C → Sets is defined to be D(k[ǫ]/ǫ 2 ). The following corollary generalizes the local-global principle of Theorem 3.1 to complete noetherian local rings when the genus of the curve is at least 2. Describing the global counterparts requires equivariant cohomology. If X is a finite-type k-scheme with G-action and F is a (G, O X )-module, then we can define the equivariant cohomology groups H q (G, F ) to be the right derived functors of the left-exact functor Γ(X, F )
G . If T Y is the tangent sheaf of Y with its natural G-action, then the tangent and obstruction spaces associated to In fact, one can show that the map φ : D gl → D loc of deformation functors induces a surjection dφ :
on tangent spaces, whose kernel is the tangent space for the functor of locally trivial deformations ([BM00, Lemme 3.3.1]). Furthermore, φ induces an isomorphism of obstruction spaces 7.3. Examples of local miniversal deformation rings. In view of Theorem 7.1, understanding global deformations is tantamount to calculating miniversal deformation rings for local G-actions. Since we will be dealing with one local action at a time in this section, we will use R loc to mean the miniversal deformation ring of a local G-action (this should not cause confusion with the usage of R loc in §7.2). If G = Z/m with p ∤ m, then it is an easy exercise to see that R loc = W (k). The following theorem of Bertin and Mézard gives information on the miniversal deformation ring R loc for local Z/p-actions. (
and is not formally smooth. (iv) If N > 1 and p is odd, then there is a surjection
Furthermore, the Krull dimension of R loc equals 1 + ⌊(N + 1)/p⌋.
Remark 7.5. Theorem 7.4(iv) shows that the formal spectrum of the miniversal deformation ring contains a smooth component of maximal dimension. Bertin and Mézard call this the "Oort-Sekiguchi-Suwa" component. There is not a great deal known about miniversal deformation rings of local G-extensions when G is not cyclic. One case where there has been some progress is the weakly ramified case (i.e., when the second lower ramification group G 2 is trivial). One reason such extensions are of interest is the following result of Nakajima ([Nak87, Theorem 2(i)]): Any local extension that arises from a Galois cover X → P 1 k where X is an ordinary curve (i.e., the p-rank of Jac(X) is the genus of X) is weakly ramified. This in turn implies that G ∼ = (Z/p) t ⋊ Z/m for some t and p ∤ m, by basic ramification theory ( §A.3). ] can be expressed as fractional linear transformations. This is heavily exploited in calculating deformation rings, and is one of the reasons the assumption of weak ramification makes these calcuations more tractable.
Remark 7.11. Suppose f : X → P 1 k is a weakly ramified Galois cover, where g(X) ≥ 2 and char(k) > 3. Let n be the number of branch points of f , and w the number of those that are wildly branched. Using the local-global principle (Theorem 7.1), Cornelissen and Kato show that the dimension of the equicharacteristic global miniversal deformation ring is
where the inertia group above point i is (Z/p) ti ⋊ Z/n i , and s(
The t i /s(n i ) terms can be thought of as "correction" terms for the wild ramification (note that these terms vanish if the cover is tamely ramified and one recovers the classical characteristic zero result). In [CK03] , this is applied to Drinfeld modular curves, and comparison is made to an analytic deformation functor. Exploring this would take us somewhat far afield, so we direct the interested reader to the (very readable) paper [CK03] .
Other papers dealing with equicharacteristic deformation of wildly ramified covers include [PZ12] , [Pri02] , [FM02] (non-Galois case!), and [CK05] .
In addition to calculating the equicharacteristic miniversal deformation rings for weakly ramified local extensions, we can also calculate the general miniversal deformation ring (and thus, whether the extension lifts to characteristic zero).
Theorem 7.12 ([CM06, Théorème 1.2]). If R loc is the local miniversal deformation ring of a weakly (but wildly) ramified local G-extension, then the characteristic of R loc is either 0 or p. In particular, the characteristic of R loc is 0 when G ∈ {Z/p, D p , A 4 }, and is p otherwise. Example 7.14. Consider the smooth projective curve Y with affine equation
acts on this as follows: the generators σ and τ of the normal (Z/p) 2 subgroup send x to x + 1 and y to y + 1, respectively, an element α of order 2 in a copy H of D p−1 inside G exchanges x and y, and a generator β of the order p − 1 cyclic normal subgroup of H sends y to cy and x to c −1 x, for some c generating F × p . Viewing Y as a Z/p-cover of the projective x-line, we see that it is ramified above the p poles of 1/(x p − x), and the ramification is weak in each case (it is unramified at ∞, as 1/(x p − x) = 0 at x = ∞). In fact, the inertia group I inside G at the ramification point above x = 0 is generated by τ and β, and is thus isomorphic to Z/p ⋊ Z/(p − 1). Since the lower numbering respects subgroups by definition, the local action of I at this point is weakly ramified. This, combined with the local-global principle, gives a KGB obstruction to lifting the G-cover Y → Y /G to characteristic zero when p > 3 ([Obu12, Proposition 5.9]). By Theorem 7.12, Y → Y /G cannot even lift to characteristic p n for any n > 1. coming from restriction. If p ∤ |G/H| and R H is universal, then this natural transformation of functors is an isomorphism, and R G is universal. In particular, R G ∼ = R H /I H , where I H is the ideal generated by all gx − x for g ∈ G and x ∈ R H (universality of R H gives a natural G/H-action on R H ).
In the weakly ramified case, Theorem 7.17 gives an alternate way of recovering some of the miniversal deformation rings from Remark 7.13 ([Bys11, Proposition 2.10]).
Open Problems
Some open problems are collected below. Anything called a "conjecture" is something that I strongly believe to be true. If I am less confident, I will use the word "question." Some of the questions are open-ended. Unless otherwise mentioned, k is an algebraically closed field of characteristic p. For groups that have obstructions to being local Oort (for instance, the KGB obstruction), we can still ask if the KGB obstruction is the only thing that goes wrong. The following conjecture of mine generalizes Theorem 6.15.
Conjecture 8.2. The KGB obstruction is the only obstruction to the local lifting problem for local G-extensions where G has cyclic p-Sylow subgroup. In particular, D p n is a local Oort group when p is odd.
Recall that the local KGB obstruction vanishes exactly when all the upper jumps u 1 , . . . , u n of the Z/p n -subextension of the local
] are congruent to −1 (mod m). By Theorem 6.24(ii), one way of proving Conjecture 8.2 is by showing that the isolated differential data criterion holds for all such (u 1 , . . . , u n ) where u 1 ≤ m p and pu i ≤ u i+1 ≤ pu i + mp. Since the criterion is about solving equidetermined systems of equations over an algebraically closed field (Remark 6.16), its truth is plausible. Furthermore, Conjecture 8.2 is true whenever the p-Sylow subgroup of G is Z/p, by Theorem 6.11.
The following question is much more speculative. ([Ber98] -this is a weaker obstruction than the KGB obstruction). However, the set of p-groups is too vast and our evidence in §5 too sparse to venture an opinion on the truth of Question 8.3. Indeed, it is not even known for Q 8 ! On the other hand, with the proof of Brewis and Wewers that D 4 is weak local Oort, one can be more confident in the following conjecture. This should not be extremely difficult when the p-Sylow subgroup of G is abelian, and Example 4.18 provides some guidance. It may be trickier to obtain a clean expression for the differential Hurwitz tree obstruction for arbitrary groups G.
Rings of definition.
The proofs that Z/p and Z/p 2 are local Oort groups give explicit formulas for the lifts, and in the case of Z/p (resp. Z/p 2 ), it is shown that lifting is possible over
where k is the field of the local extension. These explicit formulas come from the Sekiguchi-Suwa theory ( §6.3).
Question 8.6. Can all local Z/p n -extensions over k be lifted over
Sekiguchi-Suwa theory fundamentally takes place over W (k)[ζ p n ], so if one could somehow lift all Z/p n -extensions using Sekiguchi-Suwa theory, then one would get a positive answer to Question 8.6. Alternatively, one could try to be more careful about the coefficients that show up in the current proof ( §6.5), but this seems quite hard. We mention that a "weak" version of Question 8.6, has a positive answer. Namely, for any n, there exists a local Z/p n -extension over k that can be lifted over Question 8.7. Is there a local G-extension over k that lifts to a ring of characteristic p n for n > 1, but does not lift to characteristic zero? That is, can the miniversal deformation ring of a local G-extension have characteristic other than 0 or p?
As we have seen in Theorem 7.12, this is not possible for a weakly ramified local G-extension.
We can also ask about obstructions to lifting to non-prime characteristic.
Question 8.8. Is it possible to write down any general obstruction to lifting a local G-extension to characteristic p n (for some n > 1), in the spirit of the KGB or Hurwitz tree obstructions?
Of course, if the answer to Question 8.7 is negative, then obstructions to lifting to characteristic zero work equally well as obstructions to lifting to characteristic p n for n > 1. In another direction, we have seen in Example 7.7 that the relationship between Artin-Schreier equations, Kummer equations, and deformation rings of local Z/pactions is not straightforward (although Bertin and Mézard's proof of Theorem 7.4(iv) is based on a partial understanding). Having a Kummer equation for a lift of a Z/p-extension allows one to write down its Hurwitz tree and the geometry of its branch locus. The proof of the Oort conjecture in [OW14] already proceeds by induction, and one could in theory prove Conjecture 8.11 by making the induction process more flexible. In particular, the induction argument of [OW14] only works if one can lift a subextension so that the branch points all have high enough valuation, see [OW14, Theorem 3.4(i)]. If one could remove the valuation restriction, Conjecture 8.11 would follow (and one would additionally get a proof of the Oort conjecture without using the Mumford method). Removing this restriction directly seems more promising than trying to use deformation theory in towers as in [Bys11] (see discussion before Theorem 7.17). In any case, though, it would be interesting to understand the deformation theory of local Z/p n -actions for n > 1. One can also ask the above question in the local context, i.e., whether there is a local cyclic extension over a characteristic p field that does not lift over any characteristic zero local normal domain. It is not clear to me whether this question is necessarily equivalent to Question 8.12 (i.e., whether there is a local-global principle in this context). Proof. To prove exactness on the right, take β 0 ∈ M 3 . There exists α 0 ∈ M 2 and β 1 ∈ M 3 such that v(α 0 ) = β 0 − m 1 β 1 , with m 1 ∈ m. Similarly, define α n ∈ M 2 and β n+1 ∈ M 3 so that v(α n ) = β n − m n+1 β n+1 for some m n+1 ∈ m. Letting α = Proof. SinceÔ X,x is a complete discrete valuation ring in equal characteristic with residue field k, this follows, e.g., from [Ser79, II, Theorem 2]. ✷ Lemma A.5. If X R is a curve defined over a complete local noetherian ring R with residue field k and x is a smooth closed point of X R , then the complete local ringÔ XR,x is isomorphic to a power series ring R A.3. Ramification theory. The following facts are from [Ser79, IV] . Recall that if k is a field of characteristic p, one can form the ring W (k) of Witt vectors over k. If k is perfect, this is the unique complete characteristic zero discrete valuation ring with residue field k and uniformizer p. Let F be a complete DVF with algebraically closed residue field of characteristic p ≥ 0 and uniformizer π. If L/F is a finite G-Galois extension, then G is of the form P ⋊ Z/m, where P is a p-group and m is prime to p (if p = 0, then P is trivial). In particular, G is solvable. The group G has a filtration G = G 0 ⊇ G i (i ∈ R ≥0 ) defined by
(here v is defined so that v(π) = 1. There is also a filtration G ⊇ G i for the upper numbering (i ∈ R ≥0 ) given by G i = G ψ(i) , where ψ is the inverse of the Herbrand function ϕ, given by ϕ(u) = u 0 dt/[G 0 : G t ]. If i ≤ j, then G i ⊇ G j and G i ⊇ G j . The subgroup G i (resp. G i ) is known as the ith higher ramification group for the lower numbering (resp. the upper numbering).
One knows that G 0 = G 0 = G, and that G 1 = G 1 m = P (in particular, if p = 0 then G 1 is trivial). For sufficiently large i, G i = G i = {id}. Any i such that G i G i+ǫ for all ǫ > 0 is called an upper jump of the extension L/F . Likewise, if G i G i+ǫ for ǫ > 0, then i is called a lower jump of L/F . If i is a lower (resp. upper) jump, i > 0, and ǫ > 0 is sufficiently small, then G i /G i+ǫ (resp. G i /G i+ǫ ) is an elementary abelian p-group. The lower jumps are clearly all integers. The Hasse-Arf theorem says that the upper jumps are integers whenever G is abelian (in general, the upper jumps need only be rational). The extension L/F is called tamely ramified if G 1 = {id} (equivalently, G ∼ = Z/m), and wildly ramified otherwise. , and g Y (resp. g X ) is the genus of Y (resp. X). The Riemann-Hurwitz formula, combined with (A.1), shows that if Y → X is a wildly ramified cover of curves over k, then the genus of Y is higher than it would be if the cover had the same ramification points and indices, but was in characteristic zero.
A.4. Miscellaneous. The following lemma is used in the proof of Theorem 6.20.
Lemma A.9. Let k be an algebraically closed field of characteristic p, and let A be a finitely generated W (k)-algebra that is a domain. If m ⊆ A is an ideal such that A/m ∼ = k as a W (k)-algebra, then there is an ideal I ⊆ m ⊆ A such that A/I is a finite extension of W (k).
Proof. Embed Spec A into A n W (k) ⊆ P n W (k) for some n, and let Z be the projective closure of Spec A in P n W (k) . Let x ∈ Spec A ⊆ Z be the point corresponding to m. Since A is a domain, x is in the closure of the generic fiber of Spec A, and thus of Z. By [Mum99, II, §8, Theorem 1], x is the specialization of some geometric point on the generic fiber of Z. Let y ∈ Z be the image of this point. Since x does not lie in the hyperplane at infinity, neither does y. So y is in the generic fiber of Spec A. Since the closure {y} of y is finite over Spec W (k) and contains x, taking I = I({y}) ⊆ A gives the desired ideal. ✷
